Scalar perturbation in warm tachyon inflation in LQC in light of Plank and BICEP2  by Setare, M.R. & Kamali, V.
Physics Letters B 739 (2014) 68–73Contents lists available at ScienceDirect
Physics Letters B
www.elsevier.com/locate/physletb
Scalar perturbation in warm tachyon inﬂation in LQC in light of Plank 
and BICEP2
M.R. Setare a, V. Kamali b,∗
a Department of Science, Campus of Bijar, University of Kurdistan, Bijar, Iran
b Department of Physics, Faculty of Science, Bu-Ali Sina University, Hamedan, 65178, Iran
a r t i c l e i n f o a b s t r a c t
Article history:
Received 27 August 2014
Received in revised form 28 September 
2014
Accepted 2 October 2014
Available online 18 October 2014
Editor: J. Hisano
We study warm-tachyon inﬂationary universe model in the context of the effective ﬁeld theory of loop 
quantum cosmology. In slow-roll approximation the primordial perturbation spectrums for this model are 
calculated. We also obtain the general expressions of the tensor-to-scalar ratio and scalar spectral index. 
We develop this model by using exponential potential, the characteristics of this model are presented 
in great details. The parameters of the model are restricted by recent observational data from Planck, 
WMAP9 and BICEP2.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.1. Introduction
Inﬂation theory [1] provides a mechanism for solving long 
standing problems of the Hot Big Bang (HBB) theory and explains 
the anisotropy observed in Cosmic Microwave Background (CMB) 
radiation [2]. Standard models of inﬂation are governed by energy 
density of scalar ﬁelds (inﬂaton). In these theories two separate 
periods treat the inﬂation scenario back to a radiation dominated 
era, slow-roll phase and subsequent reheating of the universe. In 
the slow-roll inﬂation kinetic energy is small compared to poten-
tial term while the universe has a rapid expansion phase. But in 
the reheating period these two segments of energies are compa-
rable and inﬂaton oscillates around the minimum of the potential 
while loosing its energy to radiation ﬁelds.
A new approach of inﬂation is warm inﬂationary model [3]
where, the radiation production occurs during the slow-roll in-
ﬂation and reheating era is avoided. Thermal ﬂuctuations in this 
models could produce initial ﬂuctuations which are necessary for 
description of large scale structure (LSS) formation and anisotropy 
observed in CMB radiation [4]. Tachyon ﬁeld which is associated 
with unstable D-branes [5] may be used to study the accelerat-
ing phase of the early universe [6]. Tachyonic inﬂation is studied 
as a k-inﬂation model [7] in term of scalar ﬁeld with special po-
tential term [8]. The warm tachyon inﬂationary model has been 
studied in Refs. [9,10]. In the present work we will study warm-
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SCOAP3.tachyon inspired inﬂation in the context of the effective theory of 
loop quantum gravity (LQG). Techniques of LQG which are resulting 
non-perturbative background independent approach to quantizing 
gravity [11], could be applied in homogeneous and isotropic space–
time which is known as loop quantum cosmology (LQC). Canonical 
quantization gravity in term of Ashtekar–Barbero connection vari-
ables is studied in LQG. In LQG phase space of classical general 
relativity may be spanned by conjugate variables Aia (connection) 
and Eai (triad) on a 3-manifold M which encodes curvature and 
spatial geometry respectively (labels a and i denote internal in-
dices of SU (2) and space index respectively). Due to the isotropic 
and homogeneous symmetries, in LQC model the phase space is 
simpliﬁed. The phase space of this model is spanned by a single 
connection c and a single triad p. The Poisson bracket for LQC vari-
able is presented by
{c,p} = 8πγ
3m2p
where γ is the dimensionless Barbere–Immirzi parameter. For spa-
tially ﬂat Friedmann–Robertson–Walker (FRW) universe the LQC 
variables c and p have these relations with the metric components
c= γ a˙, p= a2
Classical Hamiltonian constraint in term of connection and triad 
variables is given by
Hcl = −3
√
p
2
+ c2 +H
γ
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the dynamical equations (modiﬁed Friedmann equation) may be 
determined by the above Hamiltonian constraint. The effective 
classical Hamiltonian constraint in term of kinematical length of 
the edge of square loop μ is given by [12]
H= − 3
γμ2
a sin2(μc) +Hm
Using the Hamilton equation of motion
p˙= {p,Heff } = −γ3
∂Heff
∂c
and the vanishing of the Hamiltonian constraint (Heff ≈ 0) [12], 
these two important relations are obtained
a˙ = 1
γμ
sin(μc) cos(μc), sin2(μc) = 8π
3m2pa
Hm
Therefore, from above equation the modiﬁed Friedmann equation 
becomes(
a˙
a
)2
= 8π
3m2p
ρ
[
1− ρ
ρc
]
, ρc = 4
√
3
γ 3
(1)
In this paper we will study warm-tachyon inﬂationary model in 
the context of LQC by using the above modiﬁed Friedmann equa-
tion. The paper organized as follow: In the next section we will 
describe warm-tachyon inﬂationary universe model in the frame-
work of LQC. In Section 3 we consider the perturbations for our 
model and obtain scalar and tensor perturbation spectrums. In Sec-
tion 4 we study our model using the exponential potential in high 
dissipative regime. Finally in Section 5 we close by some conclud-
ing remarks.
2. The model
In the present work we will study warm-tachyon inspired in-
ﬂation in the context of effective ﬁeld theory of LQC where the 
modiﬁed Friedmann equation has the following form
H2 = 1
3
[ρφ + ργ ]
[
1− ρφ + ργ
ρc
]
(2)
where H = a˙a is the Hubble parameter, a is the scale factor and 
we choose c = h¯ = 8πG = 8π
m2p
= 1 (mp is Planck mass). Energy–
momentum tensor of tachyonic inﬂation model in a spatially 
ﬂat Friedmann Robertson Walker (FRW) is recognized by T νμ =
diag(−ρφ, Pφ, Pφ, Pφ) where the pressure and energy density of 
tachyon ﬁeld are deﬁned by [8]
Pφ = −V (φ)
√
1− φ˙2 (3)
and
ρφ = V (φ)√
1− φ˙2
(4)
respectively, where V (φ) is the effective scalar potential associated 
with tachyon ﬁeld φ. Important characteristics of this potential are 
dV
dφ < 0 and V (φ → 0) → Vmax [13]. The dynamic of warm tachyon 
inﬂation in spatially ﬂat FRW model in the context of effective the-
ory LQC is described by these equations.
H2 = 1
3
[
V (φ)√
1− φ˙2
+ ργ
][
1− 1
ρc
(
V (φ)√
1− φ˙2
)]
(5)
ρ˙φ + 3H(Pφ + ρφ) = −Γ φ˙2
⇒ φ¨ ˙2 + 3Hφ˙ +
V ′ = −Γ
√
1− φ˙2φ˙ (6)1− φ V Vand
ρ˙γ + 4Hργ = Γ φ˙2 (7)
where ργ is the energy density of the radiation and Γ is the dis-
sipative coeﬃcient with the dimension m5p . In the above equations 
dots “.” mean derivative with respect to cosmic time and prime 
denotes derivative with respect to scalar ﬁeld φ. During inﬂation 
epoch the energy density (4) is the order of potential ρφ ∼ V and 
dominates over the radiation energy ρφ > ργ . Using slow-roll ap-
proximation when φ˙ 	 1 and φ¨ 	 (3H+ ΓV ) [3] and when inﬂation 
radiation production is quasi-stable (ρ˙γ 	 4HΓ , ρ˙γ 	 Γ φ˙2) the 
dynamic equations (5) and (6) are reduced to
H2 = 1
3
V
(
1− V
ρc
)
, (8)
3H(1+ r)φ˙ = − V
′
V
(9)
where r = Γ3HV . From above equations and Eq. (7), ργ could be 
written as
ργ = Γ φ˙
2
4H
= r
4(1+ r)2(1− Vρc )
(
V ′
V
)2
= σ T 4r (10)
where Tr is temperature of thermal bath and σ is Stefan–
Boltzmann constant. We introduce the slow-roll parameters for 
our model as

 = − H˙
H2

 V
′ 2
2(1+ r)V 3
1− 2Vρc
1− Vρc
(11)
and
η = − H¨
H H˙

 2V
′
V 2(1+ r)[1− Vρc ]
×
[
V ′′
V ′
− V
′
V
− r
′
2(1+ r) −
V ′
ρc − 2V +
V ′
2ρc − 2V
]
(12)
A relation between two energy densities ρφ and ργ is obtained 
from Eqs. (10) and (11)
ργ = r
2(1+ r)
[1− ρφρc ]
[1− 2ρφρc ]
ρφ
 
 r
2(1+ r)
[1− Vρc ]
[1− 2Vρc ]
V 
 (13)
The condition of inﬂation epoch a¨ > 0 could be obtained by 
inequality 
 < 1. Therefore from above equation, warm-tachyon in-
ﬂation in the context of effective theory LQC could take place when
2(1+ r)
r
ργ <
1− ρφρc
1− 2ρφρc
(14)
Inﬂation period ends when 
 
 1 which implies
[ V ′f
V f
]2 1− 2Vρc
1− Vρc
1
V f

 2(1+ r f ) (15)
where the subscript f denotes the end of inﬂation. Number of e-
folds is given by
N =
φ f∫
φ∗
Hdt =
φ f∫
φ∗
H
φ˙
dφ = −
φ f∫
φ∗
V 2
V ′
(1+ r)
[
1− V
ρc
]
dφ (16)
where the subscript ∗ denotes the epoch when the cosmological 
scale exits the horizon.
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In quantum cosmology the interesting primary quantities are 
the curvature and tensor perturbation spectrums which may be 
extracted from two-point function of two quantum ﬁelds in the 
same time. In this section we will study the cosmological pertur-
bations for our model in high dissipative regime (r  1) that lead 
to the perturbation spectrums [14]. Scalar perturbation in the lon-
gitudinal gauge, may be described by the perturbed FRW metric
ds2 = (1+ 2Φ)dt2 − a2(t)(1− 2Ψ )δi jdxidx j (17)
where Φ and Ψ are gauge-invariant metric perturbation variables 
[14]. The equation of motion is given by
¨δφ
1− φ˙2 +
[
3H + Γ
V
]
˙δφ +
[
−a−2∇2 + (ln V )′′ + φ˙
(
Γ
V
)′]
δφ
−
[
1
1− φ˙2 + 3
]
φ˙Φ˙ −
[
φ˙
Γ
V
− 2(ln V )′
]
Φ = 0 (18)
We expand the small change of ﬁeld δφ into Fourier components 
as
δφ(x) =
∫
d3k
(2π)3
[
eikxδφ(k, t)−→ak + e−ikxδφ(k, t)−→a †k
]
(19)
where ak and a
†
k denote the annihilation and creation operators re-
spectively. These operators obey the simple commutation relations
[
ak,a
†
k′
]= (2π)3δ3(k − k′), [ak,ak′ ] = 0= [a†k,a†k′] (20)
All perturbed quantities have a spatial sector of the form eikx , 
where k is the wave number. Perturbed Einstein ﬁeld equations in 
momentum space have only the temporal parts
Φ = Ψ
Φ˙ + HΦ
= 1
2
[
−4ργ av
3k
+ V φ˙√
1− φ˙2
δφ
][
1− 2
ρc
[
ργ + V√
1− φ˙2
]]
(21)
¨δφ
1− φ˙2 +
[
3H + Γ
V
]
˙δφ +
[
k2
a2
+ (ln V )′′ + φ˙
(
Γ
V
)′]
δφ
−
[
1
1− φ˙2 + 3
]
φ˙Φ˙ −
[
φ˙
Γ
V
− 2(ln V )′
]
Φ = 0 (22)
( ˙δργ ) + 4Hδργ + 4
3
kaργ v − 4ργ Φ˙ − φ˙2Γ ′δφ
− Γ φ˙2[2( ˙δφ) − 3φ˙Φ]= 0 (23)
and
v˙ + 4Hv + k
a
[
Φ + δργ
4ργ
+ 3Γ φ˙
4ργ
δφ
]
(24)
The above equations are obtained for Fourier components eikx , 
where the subscript k is omitted. v in the above set of equa-
tions is given by the decomposition of the velocity ﬁeld (δu j =
− iak Jk veikx, j = 1, 2, 3) [14].
Warm inﬂation models could be considered as a hybrid-like 
inﬂationary model where inﬂaton ﬁeld interacts with radiation 
ﬁeld [15,16]. Entropy perturbation relates to dissipation term [17]. 
During slow-roll inﬂationary phase, for non-decreasing adiabatic 
modes on large scale limit k 	 aH , we assume that the perturbed 
quantities do not vary strongly. So we constrain above equation 
as: HΦ  Φ˙ , ( ¨δφ) 	 (Γ + 3H)( ˙δφ), ( ˙δργ ) 	 δργ and v˙ 	 4Hv . In the slow-roll limit, and by using the above limitations, the set 
of perturbed equations reduce to
Φ 
 1
H2
[
−4ργ av
3k
+ V φ˙δφ
][
1− 2V
ρc
]
(25)
[
3H + Γ
V
]
˙δφ +
[
(ln V )′′ + φ˙
(
Γ
V
)′]
δφ 

[
φ˙
Γ
V
− 2(ln V )′
]
Φ
(26)
δργ
ργ

 Γ
′
Γ
δφ − 3Φ (27)
and
v 
 − k
4aH
(
Φ + δργ
4ργ
+ 3Γ φ˙
4ργ
δφ
)
(28)
Using Eqs. (25), (27) and (28) we determine the perturbation vari-
able Φ:
Φ = V φ˙
2H
[
1+ Γ
4HV
+ Γ
′φ˙
48H2V
](
1− 2V
ρc
)
δφ (29)
We can solve the above equations by taking inﬂaton φ as the 
independent variable in place of cosmic time t . Using Eq. (9) we 
ﬁnd
(
3H + Γ
V
)
d
dt
=
(
3H + Γ
V
)
φ˙
d
dφ
= − V
′
V
d
dφ
(30)
From above equation, Eqs. (26) and (29), the expression (δφ)
′
δφ
is 
obtained
(δφ)′
δφ
= 1
(ln V )′
[
(ln V )′′ + φ˙
(
Γ
V
)′
+ 1
2
(
−φ˙ Γ
V
+ 2(ln V )′
)
×
(
V φ˙
H
)[
1+ Γ
4HV
+ Γ
′φ˙
48H2V
](
1− 2V
ρc
)]
(31)
We will return to the above relation soon. Following Refs. [9,10,
17] and [18], we introduce auxiliary function χ as
χ = δφ
(ln V )′
exp
[∫
1
3H + ΓV
(
Γ
V
)′
dφ
]
(32)
From above deﬁnition we have
χ ′
χ
= (δφ)
′
δφ
− (ln V )
′′
(ln V )′
+ (
Γ
V )
′
3H + ΓV
(33)
Using above equation and Eq. (51) we ﬁnd
χ ′
χ
= 1
2
(
− φ˙
(ln V )′
Γ
V
+ 2
)(
V φ˙
H
)
×
[
1+ Γ
4HV
+ Γ
′φ˙
48H2V
](
1− 2V
ρc
)
(34)
We could rewrite this equation, using Eqs. (8) and (9)
χ ′
χ
= −9
8
2H + ΓV
(3H + ΓV )2
(
Γ + 4HV − Γ
′(ln V )′
12H(3H + ΓV )
)
× (ln V )
′
V
[1− 2Vρc ]
1− V (35)ρc
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χ(φ) = C exp
(
−
∫ {
−9
8
2H + ΓV
(3H + ΓV )2
×
(
Γ + 4HV − Γ
′(ln V )′
12H(3H + ΓV )
)
(ln V )′
V
[1− 2Vρc ]
1− Vρc
}
dφ
)
(36)
where C is integration constant. From above equation and Eq. (53)
the change of variable δφ is determined
δφ = C(ln V )′ exp((φ)) (37)
where
(φ) = −
∫ [
(ΓV )
′
3H + ΓV
+
(
9
8
2H + ΓV
(3H + ΓV )2
×
(
Γ + 4HV − Γ
′(ln V )′
12H(3H + ΓV )
)
(ln V )′
V
[1− 2Vρc ]
1− Vρc
)]
dφ
(38)
In the above calculations we have used the perturbation method 
in the warm inﬂation models [9,10,18,17], where the small change 
of variable δφ could be generated by thermal ﬂuctuations instead 
of quantum ﬂuctuations [22], and the integration constant C may 
be driven by boundary conditions for ﬁeld perturbation. Perturbed 
matter ﬁelds of our model are radiation δρr , inﬂaton δφ and veloc-
ity k−1(P + ρ)v,i . We can explain the cosmological perturbations 
in terms of gauge-invariant variables. These variables are important 
for development of perturbation after the end of inﬂation period. 
The curvature perturbation R and entropy perturbation e are de-
ﬁed by [19]
R= Φ − k−1aHv, e = δP − c2s δρ (39)
where c2s = P˙ρ˙ . The boundary condition of warm inﬂation models 
are found in very large scale limits i.e., k 	 aH where the curva-
ture perturbation R ∼ const and the entropy perturbation vanishes 
[20].
Finally the density perturbation is presented by [21]
δH = 16π
5
exp(−(φ))
(ln V )′
δφ = 16π
15
exp(−(φ))
Hrφ˙
δφ (40)
In warm inﬂation model the ﬂuctuations of the scalar ﬁeld in 
high dissipative regime (r  1) may be generated by thermal ﬂuc-
tuation instead of quantum ﬂuctuations [22] as
(δφ)2 
 kF Tr
2π2
(41)
where in this limit freeze-out wave number kF =
√
Γ H
V = H
√
3r ≥
H corresponds to the freeze-out scale at the point when, dissipa-
tion damps out to thermally excited ﬂuctuations ( V
′′
V ′ <
Γ H
V ) [22]. 
With the help of the above equation and Eq. (40) high dissipative 
regime (r  1) we ﬁnd
δ2H =
128
√
3
75
exp(−2˜(φ))√
r
˜
Tr
H
(42)
where
˜(φ) = −
∫ [
1
3Hr
(
Γ
V
)′
+ 9
8
(
1− (lnΓ )
′(ln V )′
36rH2
)
(ln V )′
[1− 2Vρc ]
1− V
]
dφ (43)ρcand

˜ = V
′ 2
2rV 3
1− 2Vρc
1− Vρc
(44)
An important perturbation parameter is scalar index ns which 
in high dissipative regime is given by
ns = 1+ d ln δ
2
H
d lnk
≈ 1− 3
4

˜ + 3
4
η˜ +
(

˜
3r
) 1
2
(
2˜′(φ) + r
′
2r
)
(45)
where
η˜ = 2V
′
V 2r[1− Vρc ]
[
V ′′
V ′
− V
′
V
− r
′
2r
− V
′
ρc − 2V +
V ′
2ρc − 2V
]
(46)
In Eq. (45) we have used a relation between small change of the 
number of e-folds and interval in wave number (dN = −d lnk). 
During inﬂation epoch, there are two independent components 
of gravitational waves (h×+) with action of massless scalar ﬁeld 
that are produced by the generation of tensor perturbations. In 
Refs. [23,24] it has been shown, for the ﬁrst time in the litera-
ture, that it is possible to directly connect the value of primordial 
inﬂaton with the strain of relic gravitational waves. The results of 
these two papers [23,24] may be improved using BICEP2 data [2]. 
The amplitude of tensor perturbation is given by
A2g =
1
4π
(
H
2π
)2
coth
[
k
2T
]
(47)
where, the temperature T in extra factor coth[ k2T ], denotes the 
temperature of the thermal background of gravitational wave [25]. 
Spectral index ng is presented as
ng = d
d lnk
(
ln
[
A2g
coth( k2T )
])

 −2
˜ (48)
where Ag ∝ kng coth[ k2T ] [25]. Using Eqs. (42) and (47) we write 
the tensor-scalar ratio in high dissipative regime
R(k) = A
2
g
P R
∣∣∣∣
k=k0
(49)
where k0 is referred to pivot point [25] and P R = 254 δ2H . An upper 
bound for this parameter is obtained by using WMAP9 and BICEP2 
observational data, R < 0.36 [2].
The main difference between the results of the present work 
and the results of Ref. [10] where we have studied warm tachyon 
inﬂation model, regardless of LQC, comes from Eq. (43). ˜(φ) pa-
rameter is found in power spectrum (42) spectral index (45) and 
tensor-scalar ratio (49). This parameter in Ref. [10] is presented as 
(in Eq. (3.11) of Ref. [10]):
˜(φ) = −
∫ [
1
3Hr
(
Γ
V
)′
+ 9
8
(
1− (lnΓ )
′(ln V )′
36rH2
)
(ln V )′
]
dφ
(50)
Therefore the results of these two works (for example Eqs. (42), 
(49) of the present work and the correspondent Eqs. (3.9), (3.12) 
of Ref. [10]) are completely different. The difference between 
Eqs. (43) and (50) is in the last segment of Eq. (43)
[1− 2Vρc ]
1− Vρc
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modiﬁed as:
ρeff = ρ
(
1− ρ
ρc
)
Therefore in this article we have found the new results in the con-
text of LQC.
4. Exponential potential
In this section we consider our model with the tachyonic effec-
tive potential
V (φ) = V0 exp(−αφ) (51)
where parameter α > 0 (with unit mp) is related to mass of 
tachyon ﬁeld [26]. The exponential form of potential have char-
acteristics of tachyon ﬁeld ( dVdφ < 0 and V (φ → 0) → Vmax). We 
develop our model in high dissipative regime i.e. r  1 for a con-
stant dissipation coeﬃcient Γ . By using Eq. (9) and potential (51), 
the scalar ﬁeld in terms cosmic time is found
φ(t) = 1
α
ln
[
exp(αφi) + α
2V0
Γ
t
]
(52)
where φ(t = ti = 0) = φi . Using above equation, Eqs. (8) and (51)
we ﬁnd the potential and Hubble parameter as
V (t) = V0
exp(αφi) + α2V0Γ t
H2 = 1
3
V0
exp(αi) + α2V0Γ t
[
1− V0/ρc
exp(αφi) + α2V0Γ0 t
]
(53)
Dissipative parameter r = Γ3HV in this case becomes
r = Γ0√
3
(exp(αφi) + α2 V0Γ0 t)
3
2
V
3
2
0 (1−
exp(αφi)+α2 V0Γ0 t
V0ρc
)
1
2
(54)
Using Eq. (10) we ﬁnd a relation between the energy densities 
of radiation and inﬂaton ﬁelds.
ργ =
3ρ
3
2
φ
4
√
3Γ0(1− ρφρc )
1
2
(55)
Power-spectrum in this case becomes (from Eq. (23))
P R = 3
5
4 exp(−2˜(φ))Γ
5
4
0 Tr
2π2α2
V
5
4 (1− ν) 54 (56)
where ν = Vρc describes the quantum geometry effects in LQC and 
˜(φ) = − 94 ln V . From Eq. (30) we ﬁnd the tensor-scalar ratio as
R = 4exp(2˜(φ)) × 3
1
4 α2
3TrΓ
5
2
0
V
7
4
(1− ν) 14
coth
[
k
2T
]
(57)
From observational data, we know P R = 2.28 × 10−9 and R =
0.21 < 0.36 [2]. From above equations and WMAP9 data we ﬁnd 
an upper bound for the potential
V∗ < 3.4× 10−4 (58)
We have obtained above equation in ν < 1 limit. By using BI-
CEP2 data, we have found a new maximum of V∗ (see for example 
[27]).5. Conclusion
Tachyon inﬂation model with overlasting form of potential 
V (φ) = V0 exp(−αφ) which agrees with tachyon potential prop-
erties have been studied. The main problem of the inﬂation theory 
is how to attach the universe to the end of the inﬂation period. 
One of the solutions of this problem is the study of inﬂation in 
the context of warm inﬂation [3]. In this model radiation is pro-
duced during inﬂation period where its energy density is kept 
nearly constant. This is phenomenologically fulﬁlled by introduc-
ing the dissipation term Γ . The study of warm inﬂation model 
as a mechanism that gives an end for tachyon inﬂation are mo-
tivated us to consider the warm tachyon inﬂation model. In this 
article we have studied warm-tachyon inﬂationary universe model 
in the framework of effective ﬁeld theory LQC. In the slow-roll ap-
proximation the explicit expressions for the tensor-scalar ratio R , 
scalar spectrum P R and index ns have been presented. We have 
developed our speciﬁc model by exponential potential. In this case 
we have presented perturbation parameters and constrained this 
parameters by observational data. We also have constrained the 
exponential potential by using these data.
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